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COMPLETE EINSTEIN-KAHLER METRIC AND 
HOLOMORPHIC SECTIONAL CURVATURE ON Y n (r,p\K) 


WEIPING YIN AND LIYOU ZHANG 


Abstract. The explicit complete Einstein-Kahler metric on the second type 
Cartan-Hartogs domain Yj j (r, p: K) is obtained in this paper when the pa¬ 
rameter K equals £ 4 —L_ The estimate of holomorphic sectional curvature 
under this metric is also given which intervenes between —2K and — 2£L and 
it is a sharp estimate. In the meantime we also prove that the complete 
Einstein-Kahler metric is equivalent to the Bergman metric on Yjj(r,p;K) 


when K = | 


1 

p+l' 


Introduction 

It is well known that the Bergman, Caratheodory, Kobayashi and Einstein- 
Kahler metrics are four classical invariant metrics in complex analysis. The Bergman 
metric was introduced by S.Bergman for one variable Win 1921 and for several 
variables! 2 ! in 1933.C.Caratheodory introduced the invariant distance in 1926! 3 ! and 
H.Reiffen introduced the invariant metric in 1963W, therefore the Caratheodory 
metric is also called Caratheodory-Reiffen metric. The Kobayashi metric was in¬ 
troduced by S.Kobayashi in 1967W and by H.Royden in 197()t 6 l. Therefore the 
Kobayashi metric is also called Kobayashi-Royden metric. Let M be a complex 
manifold, then a Hermitian metric ■ 9 ijdz l (^dz- 7 defined on M is said to be 
Kahler if the Kahler form 12 = yf—lYhi j 9i J^ z ‘ A dz 2 is closed. The Ricci form of 
this metric is defined to be — 991ogdet(g i j). If the Ricci form of the Kahler metric 
is proportional to the Kahler form, the metric is called Einstein-Kahler. If the 
manifold is not compact, it requires the metric to be complete.According to a fa¬ 
mous article! 7 ! of Wu, one knows that Einstein-Kahler metric is the most difficult to 
compute among the four metrics because its existence is proved by complicate non¬ 
constructive methods. If we normalize the metric by requiring the scalar curvature 
to be minus one, then the Einstein-Kahler metric is unique. 

Cheng and Yau! 8 ! proved that any bounded pseudo convex domain D with contin¬ 
uous second partial derivatives boundary admits a complete Einstein-Kahler met¬ 
ric. Mok and Yau have extended this result to an arbitrary bounded pseudo convex 
domain in C ra ! 9 l. If this Einstein-Kahler metric is given by 
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then g is the unique solution to the boundary problem of the Monge-Ampere equa¬ 
tion: 


( d 2 g 

cet 

g = oo 


— e (n+l )g 


zG D, 

Z G dD, 


and g is called generating function of Ed(z). Obviously, if one obtains g in explicit 
formula, then the Einstein-Kahler metric is also explicit. We knew by far that 
the explicit formulas for the Einstein-Kahler metric, however, are only known on 
homogeneous domains, and it is exactly the Bergman metric. We knew little as far 
as the nonhomogeneous domains concerned. 

In this paper, we just consider a class of nonhomogeneous domains introduced 
by prof. W.YinI 10 ! and G.Roos in 1998. It is defined as: 


Y n (r,p-,K) = {w G C r , Z G R u {p) : \w\ 2 < det (I-ZZ)*,K > 0} := Y n , 


where Rn (jp) is the second type of symmetric classical domain and det is the usual 
determinant of matrices, p > 1 is a positive integer, w is a vector with r entries and 
|re| 2 = |«q| 2 + |u> 2 | 2 + • • • + \w r \ 2 . Its Bergman kernel function is given in explicit 
formula^ 11 ! and hence Yjj is Bergman exhaustion, therefore, Yjj is a bounded pseudo 
convex domain which admits a unique complete Einstein-Kahler metric. 

We know that the explicit complete Einstein-Kahler metric on Yjj(l,p; K) has 
been obtained^ 12 ! when the parameter satisfies K = | + ^j-.. The corresponding 
generating function g has explicit form as follows: 

g = ^ log[F n+1 det(/- ZZ)-( 1+ 'P+^K 1 - n ] 

= loglizbfdet {I - ZZ)—k Ktzz] , 

where the parameters X and Y are X = | w| 2 [det(I — ZZ)]^~k , Y = (1 — A) -1 and 
n = pi ' p + 1 '> t 1 i s the dimension of 17/(1, p; K). 

From this result, we guess when r > 1, K = | the generating function 

g of complete Einstein-Kahler metric on nonhomogeneous domain Yu (r, p: K) has 
the following form: 

9 = tvtt log[^' rJV+1 det(7 — Z~Z)~^ 1+P+ ^I\ r ~ N ] 

= log[prxdet {I - ZZ)—kKTZ&] , 

where 

X = |'ic[ 2 [det(/ - ZZ)]~t< = (|xgi | 2 + \w 2 \ 2 H-b |w r | 2 ) det (I - ZZ)~t< , 

y = ( i-xy 1 


and N = + r is the dimension of Yjj(r,p; K). We will prove our conjecture 

correct through verifying g is the unique solution to the boundary problem of the 
Monge-Ampere equation. 

This paper is organized as follows. Firstly, we present some basal facts and results 
which we need about Yu (r,p; K). Secondly, we will verify g satisfies Monge-Ampere 
equation and the Direchlet boundary condition, so it gives the complete Einstein- 
Kahler metric. Thirdly, an estimate of the holomorphic sectional curvature under 
this metric is given. Finally, we prove that the complete Einstein-Kahler metric is 
equivalent to the Bergman metric on Yji(r,p; K) in the case K = | 
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1. Preliminaries 

In this section, we give a few lemmas about Yu(r,p', K) which will be needed 
later. 

Lemma 1. Aut(17/) indicates the holomorphic automorphism group of Yjj(r, p; K) 
consisting of the following mappings: 

f w * = Wj det (I - ZqZq)^ det(7 - ZZ 0 )~^, j = 1,2, • • • , r. 

\ Z* = A{Z - Z 0 )(I - Z Q Z)~ 1 Ar 1 . 

where A * denotes the conjugation and transpose of A and A* A = (I—ZqZq)- 1 , Zo G 
Rii{p). 

Proof. See ref. [11]. 

Obviously, any of the above mappings maps the point (w, Zo) onto the point 
(in*, 0) and Z* = A(Z — Z 0 )(I — Z 0 Z)~ 1 A is the holomorphic automorphism of 

Rnip)- 

Lemma 2. Let X = X(Z,w) = |in| 2 [det(I — ZZ)\~ l / K , then X is invariant 
under the mapping of Aut (Yu). That is X(Z*,w*) = X(Z,w). 

Proof. See ref. [11]. 

Hereafter we write Z G Rn{p) as 

* n ~^ Zl2 
71 221 222 

7f pl 7T V 

and 

Z — 7 ll j %12 C i Zipi Z 22 ^ ~23j * ' ' > Z2p j. 5 Zpp) 

is the 1 x p{p + l)/2 matrix. Z l denotes the transpose of Z . 

Lemma 3. Suppose ( Z*,w *) = F(Z,w) G Aut(Y//) which maps (Z 0 ,w) onto 
(0, in*); let be the Jacobi matrix of F(Z,w), i.e. 

/ dz* dw* \ 
dz dz 

J f = 




0 


dw* 

dw 
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Then one has 



[A 1 -xA'] s , 


(^L=A^ det(/ ~ zzr * E(z)V 


where E(Z) is the 1 x p(p + l)/2 matrix 

E{Z) = 0 tr[(i - ZZ)- 1 ! -* u z\, • • •, tr[(i - zzy 1 r kl z], • • •, tr[(i - zzyyyz}) 


and 


T* - 
1 kl ~ 


;^=(4« + Iik), 

Ikk , 


k < l, 
k = l. 


Here Iki is defined as a px p matrix, the (fc, Z)th entry of 4;, i.e. the entry located 
at the junction of the fc-th row and Z-th column of 4; is 1, and others entries of 4; 
are zero. The meaning of [A -Xv4] s can be found in [13]. 

Proof. It can be got by direct computation. 


Lemma 4. If ( Z*,w*) = F(Z,w) € Aut(F//) and T = T[(Z,w), (Z,w)\ is the 
metric matrix of the Einstein-Kahler metric on Yji(r,p ; K ), then one has 

T[(Z,w),Jzyy] = [J F T[(Z*,w*),(Z*,w*)}f F } Zo =z, 
and \Jf\z 0 =z = det(I — ZZ)~ (p+1+ t< \ where |Ji?| = det J^. 

Proof. It can be proved by using the invariance of the Einstein-Kahler metric 
under the holomorphic automorphism of Yjj . 


Lemma 5. 

holds: 


Let Z be a p x p symmetric matrix, then the following inequality 
tr{Z~ZZ~Z) < tr(ZZ)tr(ZZ) < p[tr(ZZZZ)}. 


Proof. The lemma is trivial when p = 1, so we consider the case p > 1 only. Let 
Z be a non-zero matrix, there exists a unitary matrix U such that 


then 


Z = U t 


( \\ 
0 

V o 


o 

0 


0 

0 

Xp 


U\ Ai A A 2 A • ■ ■ A p A 0, Ai > 0. 


tr(ZZZZ) = A? + + ■ ■ ■ + Xp , tr(ZZ) = X\ + X\ + ■ ■ ■ + X 2 p . 

By using Cauchy-Schwartz inequality we have 

X\ + --- + Xl < (Af H + Ap 2 = |( 1 2 , • • • , l 2 ) • (A?, • • • , Ap ) 4 | 2 

< l(i 2 )• • •,i 2 )rl(Ai,■ • •, x 2 )\ 2 =p(xf -i + x^), 


i.e. tr(ZZZZ) < tr{ZZ)tr(ZZ) < p[tr{ZZZZ)}. 
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It is obvious that tr(ZZZZ) = tr(ZZ)tr(ZZ) holds if A 2 = • • • = X p = 0 and 
tr(ZZ)tr(ZZ) = p[tr(ZZZZ)] holds if and only if Ai = A 2 = • • • = A p . 


2. Complete Einstein-Kahler metric with explicit formula 

Let Z G Rn(p ) and (Z,w) G Yu(r,p-, K). Denote (z,w) = (zu,z 12 c” ,zi p ,Z 22 , 
■ ■ ■ , z 2p , • • • , z pp , w\, ■ ■ ■ , w r ) = (zi, Z 2 , ■ ■ ■ , Zn), where N = SiE+11 + r is the di¬ 
mension of Yu(r,p ; K). 

Note that 


9 a p(z . w) = 


d 2 g 

dZaffzp ’ 


0t,P = 1,2," • • ,!V, 


where 




dg 




(1) 


^p(p+l)/ 2 +j dw „ 

In order to prove our conjecture is right, we have to verify that the generating 
function g is the unique solution to the Dirichlet boundary problem of complex 
Monge-Ampere equation: 

det (9 a p{z , w )) = e (N+1)g(z ’ w) , (z, w) G Y n , 

g = 00 , ( z,w)edY n . 

Let F G Aut(Yu), F(Z,w) = F(Z*,w*). According to lemma 4 we know 

det (ffa^( 2 >^)) = l J E| 2 det(5 Q ^(a:*,w*)), 

especially, if choose Zq = Z and denote holomorphic automorphism F\z 0 =z by Fq, 
then 

det (9ap( z ’ w )) = I Je 0 | 2 de t(fl , Q; ^(0 ) w *)). (2) 

Hence we need only to know the value of det(g a p(z*, w*)) at the point (0, w*). We 
substitute w for w* in the following computation. 

Since Y = (1 — X) -1 , X = |u;| 2 [det(/ — ZZ))~ X ! K , the generating function g can 
be rewritten by 

>p _ 

g = log Y + logX - log M 2 + log K. 


Thus 


dg _ (y 1 Y _1 j 
dz a y + ) dz ’ 

dg_ _ 

r) 1 Y) J L *-1^1 1 ' ’ 

OWi OWi 


\ + N 
a = 1,2, • • • ,N — r. 


and 


d 2 g 

dz a CfZB 

d 2 g 

dz a dw-j 
d 2 g 

dwi&za 

d 2 g 

dwidWj 


= (Y | & X | (Y 2 x - 2 ) dX dX 

dZa&Zff dz a dZj 3 ’ 

- <Y + X-< A + ( Y>- X->) dXdX 

OZq, OWj 

= r d*x iy2 dXdX 

dwi&zp dwi dzp 
d 2 X 9 dX dX 

= y ——-— + y 2 


dz a dwj 


3 = 1,2, 


L 5 ^5 5 ' 1 


r ; 


dwidWj 


d w : d u)j 


i = 1 , 2 ,- 

i,j= 1 , 2 ,-■■ ,r . 


( 3 ) 
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According ref. [12] we have the following results: 


dX 

dwi 

dX 

dz n 


2=0 


= Wi 


dX 


z =o dzu 


= 0 


2 = 0 


d 2 X 


dzadzp 

d 2 X 


2=0 


- J^&ks&lt ) 


dwidzp 


= 0 


2=0 


where 5 mn = 
d 2 g 


1 , m = n 
0 , to ^ n 


dX 

dWj 

dX 

9z/3 


2=0 


’ a— 


dX 


2=0 dza 


= 0 


2=0 


d 2 X 


dz a dWj 


d 2 X 


= 0 


2=0 


dwidw-j 


— 8ij . 


2=0 


. Applying the above result to formula (3), we obtain 


dzadzp 


2=0 


_ I< 6a0 


d 2 g 


dz a dwj 


d 2 g 


5 =o dwi&zp 


= 0 , 


2=0 


d 2 g 


dwidwj 

Therefore 


= YSij + Y 2 WiWj . 

2=0 

Y_ j(N—r 

[9 a - a ( 0,w*)) = l k1 


0 


0 


y/M + Y 2 W* t w* 

where I ^ denotes r x r unit matrix and we write w* back instead of w. 
Notice that w* = u>det(I — ZZ)~"zk when Z 0 = Z, we get 


det(< 7 Q ^( 0 , w*)) 


(X) N-r det (y/W + y%*V) 

(Y) N-ryr det (/( r ) + XY\w\~‘ Vw) 

lX) N ~r Y r + XY\w\~ 2 ww t ) 

K r -N Y N (l+XY) 

K r ~ N ( 1 - 


Hence 

det(g a ^{z,w)) 


\J Fo \ 2 det(g a p(0,w*)) 

K r ~ N { 1 - det(I - ZZ)-(p +1 +t?\ 


while the other side of Monge-Ampere equation is 

e (N+l)g(z,w) = e (JV+l)log[ T ^ x det(7-ZZ)-^K^] 

= K r ~ N (l- A)-( JV+1 )det(7- 


( 4 ) 

( 5 ) 


It is easy to obtain that formula (4) and (5) is equal in the case K = | + ^j_. 
That is the function g we guess is a solution to complex Monge-Ampere equation. 
It remains to prove that g satisfies the Dirichlet boundary condition. 

If (z,w) e dYjj and 0, when ( z,w ) € Yjj and (z,w) —> (z,w), we have 
X —> 1 _ , so | ^ A - —> +oo, meanwhile det(/ — ZZ) —> | w \ 2K > 0. Hence we have 
g(z,w) —> +oo, as ( z,ui ) —> dYjj. 
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If ( 2 , tu) G dYn and w= 0, when (z, w) G Yjj and (z,w) —> (-7,0), we havey^-Y > 
1, det (I—ZZ) —* 0, det(I—ZZ)~i —> +oo, we also have g(z, w) —> +oo, as(z, w ) —> 
dY n . 

Up to now, we have proved our conjecture, that is the function 
g = lo g[i^Y de t (I-ZZ)-*KT*£] 

generates a complete Einstein-Kahler metric on Yu(r,p ; K) in the case K = f + 

In general, Yu(r,p; K) is a nonhomogeneous domain when K = | + and p > 1. 


3. Holomorphic sectional curvature 


Since in the case K = f+jtpr the complete Einstein-Kahler metric on Y n (r, p\ K) 
is generated by 

g = log[———— det(7 - ZZ)~^K T + W ], N = p(p + l)/2 + r, 

1 — JC 


the holomorphic sectional curvature uj[( z, w ), d(z, re)] on Yu(r,p; K ) under this met¬ 
ric has the following form: 


v[(z,w),d(z,w)} = 


d(z,w)[—ddT + dTT 1 dT ]d(z,w) 


[d(z , w)Td(z, w) 


where 

Q _ Q _ 

d = '^2——dz a , d='^2j=-dz a , a= 1,2, • • • ,N, T = 


d 2 g 

dz a dzp J i< a>/ 3<jv 


Now that holomorphic sectional curvature lu[(z,w), d(z,w)\ is invariant under 
the holomorphic automorphism group Aut(l//), and due to the Lemma 1, for 
V(z,w) G Yu there exists F G Aut(Y//) such that F(z,w) = So it suffices 

to calculate the w[{z, w), d(z, to)] on point (0, w*). By sec.2, the complete Einstein- 

Tn T\2 

T21 T22 


Kahler metric matrix is T = 


where 


Tn = K~ 1 Y[A t A ■xA t A] s +XK- 2 Y 2 E(Z) t E(Z), 

Ti 2 = K-'Y 2 det(7 - ZZ)~xE(Z)*w, 

T21=T\ 2 , 

T 22 = F 2 MJ t «;det(7- ZZ)-* +YI < r > det(7- ZZ)~*. 


Y = (1 — X) 1 and A, [A 1 A ■xA t A] s ,E(Z) are the same as before. Note that 


( dT n 

dT 12 \ 

, ddT = ( 

f ddT n 

ddT 12 \ 

{ dT 2 1 

dT 2 2 ) 


\ <MT 2 l 

ddT22 J 


Using some known results^ 12 ! 

E(Z)\ i= o = dE(Z)\ z = 0 = 0, dE(ZY\ z=0 = {dz) 1 , dE(Z)\ z=0 = dz 
and d[A l A ■xA t A] s | z= o = 0, we can obtain 
dTu\z =0 = K-^wdv/I^-^, 7Ti 2 | 2=0 = 0, 

dT 21 | 2= o = K~ 1 Y 2 w t dz, dT 22 | 2 =o = (2 Y^w + Y 2 7< r )) wdw f + Y^dw. 
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furthermore 

ddT n \ z = 0 = K- 1 Y(Y\dw\ 2 I + 2Y 2 \wd^ t \ 2 I + K~ 1 XY\dz\ 2 I 
+K~ 1 XYdz*dz + dd[A l A ■xA t A] s \z=o) 1 
ddT\ 2 \ z -o = K~ 4 Y 2 (2Ywdw t dz w + dz dw ), 

ddT 2 i| z= o = K~ 4 Y 2 (2Ywdww t dz + dw dz ), 

ddT 22 \z=o = Y 2 {K~ 4 {2Yw t w + I)\dz\ 2 + 2Y(3Yw t w + I)\wdw | 2 + dw dw 
+(2 YuJ t w + I)\dw\ 2 + 2Y(Wdw t dw w + wdw w t dw )). 


If one denote 


notice that 


then we get 


[-ddT + dTT~ l dT ] 2=0 = 


Rll Rl2 
R 2 1 R 22 




0 )' 


Ru = -K- 1 YjY 2 \wdw t \ 2 I + K~ 1 XY(dz t dz+\dz\ 2 I) + Y\dw\ 2 I 
+dd[A t A-xA t A] s \ z=0 ), 

R \2 = —K~ 1 Y 2 (Ywdw t dz t w + dz t dw), 

R 21 = R\ 2 , _ ( 6 ) 

R 22 = —Y 2 [K~ 1 Y\dz\ 2 w t w + K~ 1 \dz\ 2 I+\dw\ 2 I + dw t dw 

+Y(\uJdw t \ 2 I + wdw w t dw + wdw t dw w + \dw\ 2 W t w) 

+2Y 2 \wdw t \ 2 w t w). 

Complying with formula ( 6 ) and the result 

dzdd[A ( A ■xA t A] s \z=odz t = 2 tr(dZdZdZdZ) 
in ref. [12], one can easily get 

(dz,dw)[— ddT + dTT~ 1 dT ](dz,dw) | 2= o 

= dzRndz + dwR 2 \dz + dzRi 2 dw + dwR 22 dw 
= -2K~ 2 XY 2 \dz\ 4 - AK~ 4 Y 3 \dz\ 2 Iwdw*\ 2 - 2Y 2 \dw\ A - 2Y 4 \wdu^\ 4 
-4A- 1 y 2 |dw | 2 |^| 2 - 4Y 3 \wdw t \ 2 \dw\ 2 - 2K~ 1 YtT:(dZdZdZdZ). 

Additionally, 

( 1 dz , dw)T(dz, dw) | 2= o = K~ 1 Y\dz\ 2 + Y 2 \wdw t \ 2 + Y\dw\ 2 , 

thus the holomorphic sectional curvature on point( , u;, 0) under the complete Einstein- 
Kahler metric is 


u>((z, w),d(z, ie ))| 2=0 = -2 + 


2K~ 2 Y\dz\ 4 - 2K- 4 Ytr(dZdZdZdZ) 
{K- 4 Y\dz\ 2 + y 2 |Wd«j *| 2 + Y\dw\ 2 ) 2 ' 


It is apparent that if let p = 1, then K = l,tr(dZdZdZdZ) = |<fc| 4 . In this 
case, Yu(r,p; K) is a unit ball in C r+1 and u>((z,w),d(z,w)) | 2= o = —2. It is a 
well-known result. Our work is to give its estimate in the case p > 1. 

Since |dz | 2 = tr(dZdZ), according to lemma 5, we get 


P 1 |d-2 : | 4 < tr(dZdZdZdZ) < |g?z| 4 . 



COMPLETE KAHLER-EINSTEIN METRIC ON Yu(r,p;K) 


9 


Applying it to u((z,w),d(z,w))\ z =o, we have 

y o y o y _ _ K V 

2(1 - K)—\dzl 4 < -2 \dz\ 4 - — tr(dZdZdZdZ ) < 2(1 - W \dz\ 4 . 

K z K A K p K z 

Now that 1 — K <0 and 1 — — > 0 hold in the case p > 1 and notice that 

p ^ 

h^>l( 0 <X<l), the above inequality can be expanded as 

2(1 - K){K- l Y\dz\ 2 + Y 2 \wdw t \ 2 J 1 Y\diu\ 2 ) 2 

< 2K~ 2 Y\dz\ 4 - 2K~ 1 Ytr(dZdZdZdZ) 

< 2(1 - Kp~ 1 )(K~ 1 Y\dz\ 2 + Y 2 \wdw t | 2 + Y\dw\ 2 ) 2 . 


Applying it in the expression of ui((z, w), d(z , w))| 2= o one can obtain the following 
result immediately: 


—2K < u)((z, w), d(z, w)) < 


2K 

V 


where K = | + and p > 1. This estimate is the sharp estimate because of the 
following facts: 

At the point (z, 0) and direction ( dz , 0) one easily knows that X = 0 and Y = 1, 
and 


ui((z,w),d(z,w)) | 2=0 = -2 + 


2K~ 2 \dz\ A - 2K~Hr(dZdZdZdZ) 
K~ 2 \dz\ 4 


If choose 


dZ = U * 


Ai 

0 


0 

0 


U, Ai > 0, 


then according to lemma 5 one has tr(ZZZZ) = tr(ZZ)tr(ZZ) = {dz] 4 , which 
implies tu((z,w), d(z,w))\ z -o = — 2 K. 

If choose 


dZ = U l 


/ Ai 


V o 


0 

Xp 


U, Ai — A 2 


* * — A p > 0, 


then one has tr(ZZZZ) = p 1 tr(ZZ)tr(ZZ) = p 1 \dz\ i by lemma 5, which implies 
v((z,w),d(z,w)) 1 2 =o = 

Therefore our estimate is the sharp estimate. 


4. Kahler-Einstein metric Is Equivalent to the Bergman metric 

In this section we will prove that the Kahler-Einstein metric is equivalent to the 
Bergman metric on Yn(r,p; K) in the case K = | 

Definition: Let Bq and £0 be two complete metrics on domain 17. If there ex¬ 
ists two positive constant a and 6 (with a > b) such that the following inequality 
holds: 

, Bo 

b< — <a. 

00 

Then we called that the metric Bo is equivalent to the metric £q. 
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From sec.2 we know in the case K = | + the complete Kahler-Einstein 
metric on Yji(r,p; K) is 

En '■= {dz,dw)Ts n (dz,dw) , 

where 

T _ t T (o)f _ t ( li (N ~ r) o \ f 

+ £u - Jf 0 1 £ii J Fo - Jf 0 ^ 0 y/(r) + y 2 w* 1 w* ) Jf °' 

From ref. [11], we know the Bergman kernel function on Y 77 (r, p; K) is 

K n {W,Z;W,Z) = K~ e ^F- 2is ^ 11 ~ r G(Y)det(I - ZZ)~^ +1+ ^ 


where 

G(Y) = Y,bj r (r+j)Y r+ j, h = Pip + 1) + 1, bh = 2 £ t^+ 1 ) r(r+j) = (r+j-1) 
j=o 

Thus the Bergman metric on 17/(r, p; AT) has the following form: 

1?// := (dz, dic)!#^ (dz, du>) , 


where the metric matrix 

/ d' 2 \ogK 11 


T B n = 


\ dz a dz(3 


= Jfo 


/ d 2 logdf 77 
V dz a dzp J z 0 =z 


4 = 


and 


'C = ( « 


^ _i_ x p -(- 1 -|_ 


0 

H'l M + H"w* t w* 


, H = logG(Y). 


If we denote (dz, dw)JF 0 by (dZ, dW), then Eu and 6 // can be rewritten as 

£ 77 = £ | dZ | :2 + dW (Y JW + Y 2 w* * to* )dW 4 

H 77 = (YH'X+p+l + j ? )\dZ\ 2 + dW{H'I^+H"w* t w*)dW t . 

According to ref. [13] one knows that the vector w* = (wi , u> 2 , • • • ,w *) can be 
transformed into 


w* = e ie (A,0,--- ,0)17, A > 0, 
where U is a unitary matrix. Hence 

A 2 0 

0 0 


w J w* = U* 


U, H'I^+H"w* t w* = U 


■t / H' + H" A 2 0 


H'jtr-l) 


U 


and 


YI {r) + Y 2 w* t w* = U* 


Y + Y 2 A 2 0 

o r/( r - 1 ) 


u. 


Let d\VU = (dw, dW), then Eu and Bn have the following form: 


E u = £ |dZ | 2 + (Y + Y 2 A 2 )|dw | 2 + Y |dW| 2 , 

S 77 = (iid , A+p+l + f)|dZ | 2 + (7d , + dd"A 2 )|dw | 2 + id , |dW| 2 . 

It is known T Fu and T/ 3 n are positive definite matrixes, which implies 

f-M'X+p +l + -^>0, H' + H" A 2 >0, Id'>0, Y>0. 
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Therefore, if we denote 

$(x) = K ~ lH ' x +^ 1 1 + rK ~\ v(x) = *+%£ , r( X ) = ^, 

then ${X), &(X) and T(X) are all positive continues functions of X on the interval 
[0,1). If 

lim $(X), lim &(X), lim T{X) 

—> 1 —> 1 Ji .—> 1 

are existent and positive, then all of 4>(X),\l r (X), T(X) have the positive maximum 
and the positive minimum on [0, 1) respectively. 

We know that 

G{Y) =Y J b j r{r + j)Y r+ \ h = P{P + 1} + 1, b h = 2^+S 


dG(Y) 


^ = G'(Y ) = £ b j r{v+j+l)Y r+ ^\ = G"(Y) = £ b j r(v+j+2)Y r+ ^, 


H' = G'(Y)G~ 1 (Y), H" = G' , (Y)G~ 1 (Y) - G'{Y) 2 G~ 2 (Y). 

We shall compute the limits of <P(X),\P(X) and T{X) when X tends to 1. 

^ K-'H>X+p+l+rK-' G'(Y) 


V V K-^H'X+p+l + rK-L G [L , 

lim $(X) = lim <P(X) = lim - , - = Inn , 

X->1 Y —>oo Y ->oo YR - 1 Y^oo G(Y)Y 

applying formula (7), we have 

lim &(X) = lim $(X) = ^ /n ( r + fe + 1 ) 1 ^ + = r + h. = N + 1, 
x—>i y ’ y^ oo v ’ b h r(r + h)Y r+h+l ’ 

where N = p ( p + 1 '> + r is the dimension of Yjj(r,p ; K). 

Therefore there exists 0 < v < g, such that 

0 < v < <!>{X) < p. 

Similarly, we can also obtain 

TJf I 7T//\ 2 TTff 

lim !?(X) = lim ipm = lim - „ Q = lim — = TV + 1 

x—>i y ’ y-oo v ' y^oo F + Y 2 A 2 y^oo F 2 


lim T(X) = lim T(X) = lim — = TV + 1. 

X->1 Y-> oo y->oo Y 

Therefore there also exist positive constants £, 77, p and g such that 

C <V(X)<V, p<r{x)<g. 

Let a = max{g 7 r], g} and b = min{u, p }, then we have 

, . Bn 
b < — < a. 
on 

Up to now we can say that the complete Kahler—Einstein metric is equivalent to 
the Bergman metric on F//(r,p; K) in the case K = | + 
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